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3anaua 2. MoaeiupoBaHue JBYMEPHOr0 BUHEPOBCKOI0 Mpouecca
3amanue

1. Ha unrepsaie [0, T] cMoaenupyiiTe n TpacKTOpHiA ABYyMEPHOIO BUHEPOBCKOIO MIPOLIECCa

WHTCHCUBHOCTH O C IIarom A.
2. BriBeaute Ha mevath 5-7 TPaeKTOPHUHA (MYyJIbTUMEIUHHOCTH IPUBETCTBYETCS)
3. s kax10#l TpaeKTOPUH BHIYHCIIUTE

(€Y) ) () ()

1) BapuarMu KOMIOHEHT (Zk |W(k+1)h - W, |,Zk |W(k+1)h (/% |)

Haiiyre cpennee snauenne sapuarmn (Var® (h), Var® (h) ) no Bcem tpaekropusm

2

2) Haiigure cyMMbI KBaJpaToOB MPHUPALICHUN KOMIIOHEHT (Zk|W((1) Wk(hl) , Zk|W(2)

k+1)h (k+Dh
2
(2
w?|)

Haiiyre cpennee snauenne stux cymm (SqVar (D (h),SqVar® (h) )

4. VYMeHbIINTE 3HAYEHHE N B J1BA Pa3a U BEIYUCIIATE (Var(l) (g) JVar® (g) ) u

h n
(S qVar® (5) ,SqVar® (5) ) CpaBHHMTE TIOTydeHHbIE 3HAYEHHS [T HCXOTHOTO U
YMEHBIIIEHHOTO I1ara M 00bsACHHTE Pe3yIIbTaT.

5. Bpraucnnute TeOpeTHIECKYIO BEPOSITHOCTD P(|WT| = Z) Y CPaBHUTE €€ C IMIUPHUYECKOU
BEPOSITHOCTBIO JOCTH)KEHUSI YKa3aHHOTO YPOBHS Z B MOMEHT T .

Bap | T | n o h | z
15 | 14| 100 | 0.25 | 0.1 | 1.5

I

~
y
=

> N
> N
[1] 140

Cmonenupyem 2N map (fk(l), &® ) C HE3aBUCUMBIMU KOMIIOHEHTAMH, paclpeAeIeHHbIMU MO
h
3akony N (0, a\/;).

> pair_ksi_vec = t(replicate(2*N,sapply(c(1,2), function(y) rnorm{l, 0, sqrt(h/2)¥*sigma))))
> head(pair_ksi_vec)
[,1] [.2]
[1,] ©0.01002085 -0.004974260
[2,] ©0.01912408 ©.003318008
[3,] 0.01807590 -0.026046220
[4,] -0.01656578 0.018281666
[5,] ©0.07803362 0.021068180
[6,] -0.11478336 0.010055699
= tail(pair_ksi_vec)

[,1] [.2]

[275,] 0.07459602 -0.0637531541
[276,] 0.01460234 -0.074098956
[277,] -0.03432651 0.066332420
[278,] 0.06286677 0.060742110
[279,] 0.05098836 0.006568664
[280,] 0.03756395 -0.020008524



[Tpu MoenupoBaHusi BAHEPOBCKOTO MPOIIECCa C MAroM /4 UCIOJIb3YeM MOMAPHBIE CYMMBI
(E'k(l), g,@ ) = (52,(_1(1) + &M, & P 4+ 6, P ), KOMIIOHEHTBI KOTOPBIX TI0 CBOHCTBAM
HOPMAJILHOTO 3aKOHa pacipezeseHsl no 3akony N (0, avh).
for (k in 1:N) {

pair_ksi_vec2l[k,] = (pair_ksi_vec[2*k-1,]+pair_ksi_vec[2%k,])

4

Vot

¥
head(pair_ksi_vec2)

[.1] [.2]
[1,] 0.029144931 -0.001656253
[2,] 0.001510113 -0.007764554
[3,] -0.036749737 0.031123878
[4,] -0.050221476 -0.054566875
[5.,] 0.023788172 0.033438875
[6,] -0.146349195 -0.010525511
= tail(pair_ksi_vec2)

[.1] [.2]
L0e177799 -0.19887372
. 09557505 -0.02984695
02339826 0.045970344
. 08919836 -0.13785050
L02854026 0.12707453
08855231 -0.01343986
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CmonenupyeM OJIHYy TPACKTOPHIO ABYMEPHOTO BUHEPOBCKOTO Tpoliecca 1mo hopmysie
1 2

(W(k+1)h(1)» W(k+1)h(2) ) = (th(l): th(z) ) + (f’k( ):f’k( ) ), Y4MUTBIBaAA, YTO

(WO (1)1 WO @ ) = (010)

= pair_w_vec? = apply(rbind({(c(0,0),pair_ksi_vec2), 2,
> head(pair_w_vec2)

[,1] [.2]

cumsumd

[1,] 0O.000000000 O.0000000000
[2,] 0.029144931 -0.0016562528
[3,] 0.030655044 -0.0094208070
[4,] -0.006094693 0.0217030713
[5,] -0.056316169 -0.0328638037
[6,] -0.032527997 0.0005750708
= tail(pair_w_vec2)
[.1] [.2]

[136,] -0.6891622 -0.5605803
[137,] -0.5933872 -0.5904273
[138,] -0.5701889 -0.5407238
[139,] -0.4B809906 -0.6785743
[140,] -0.4524503 -0.551499%8
[141,] -0.3638980 -0.5649397

Tenepp ananornyxo nosryunMm n = 100 tpaekTopuii.

airfun = function()

I ]

pair_ksi_vec_k = t{replicate(2#*N,sapply(c(1,2), function(y) rnorm(1, 0, sqrtCh/2)*sigmal)))
pair_ksi_vec_k2 = array(c(rep(0, N),rep(0, N)),dim=c(N,2))
for (k in 1:w8) {
pair_ksi_vec_k2[k,] = (pair_ksi_vec_k[2¥k-1,]+pair_ksi_vec_k[2*k,])
T
returnapply(rbind(c(0,0),pair_ksi_vec_k2), 2, cumsum))

O T S T S S

.
¥
pairs_listl = replicate(n, pairfun(), F)

BriBenem Ha meyaTh HECKOJIBKO MOJIYYCHHBIX TpaCKTOpHﬁ.



Tpaekropus 1:

> head(pairs_Tisti[[1]])

1] [.2]
[1,] 0.000000000 O.0000000000
[2,] 0.029144931 -0.0016562528
[3.] 0.030655044 -0.0094208070
[4,] -0.006094693 0.0217030713
[5,] -0.056316169 -0.0328638037
[6,] -0.032527997 0.0005750708
> tail{pairs_Tisti[[1]])

[.1] [.2]

[136,] -0.6B891622 -0.5605803
[137,] -0.5935872 -0.5904273
[138,] -0.5701889 -0.53407238
[139,] -0.4809906 -0.6785743
[140,] -0.4524503 -0.55149%8
[141,] -0.3638980 -0.5649397

Trajectory 1
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Tpaexropus 10:

- head(pairs_list1[[10]])

[.1] [.2]
[1,] 0©.0000000 O.0000000
[2,] -0.1072278 0.1447570
[3,] -0.2665777 0.1733338
[4,] -0.2124798 0.2718504
[5.] -0.1426337 0. 3600407
[6,] -0.2072879 0.3515872
= tail(pairs_1ist1[[10]])
[.1] [.2]
[136,] -0.6651744 0.2766840
[137,] -0.6151957 0.4480161
[138,] -0.6886247 0.4533523
[139,] -0.6714539 0.5902656
[140,] -0.6821591 0.5288499
[141,] -0.6701480 0.5704733

Trajectory 10
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Tpaekropus 20:

> head(pairs_Tisti[[20]])

[.2]

. 000000000
. 005074983

087734781

. 078622303
.119538782

169271227

[.2]

-0. 5116086 -0.1213910
-0.6281920 -0.1621712
-0.5246391 -0.1626308

-0.5285303 -0.1948345

[.1]
[1,] O0.00000000 O
[2,] 0.08370757 O
[3.] 0.06205852 Q.
[4,] 0.12023378 0
[5,] 0.15860060 0
[6,] 0.23504667 O.
> tail{pairs_Tistl[[20]])
[.1]
[136,]
[137,]
[138,]
[139,] -0.6026199 -0.1574664
[140,]
[141,]

-0.4135751 -0.3405102

Trajectory 20
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Tpaexropus 30:

> head(pairs_1ist1[[30]])

[.1] [.2]
[1,] ©.00000000 O.00000000
[2,] 0.06979814 -0.08419265
[3,] 0.15711374 -0.03722710
[4,] 0.24329211 -0.07506722
[5,] 0.30335685 -0.10038826
[6,] 0.2157205%6 0.01753192
> tail{pairs_Tisti[[30]1])
1] [.2]
[136,] -0.1535933 -0.07625302
[137,] -0.1738381 -0.14159728
[138,] -0.2932123 -0.13626246
[139,] -0.4188895 -0.28224869
[140,] -0.4764759 -0.29245098
[141,] -0.4649444 -0.26104146

Wikh(2)
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Tpaexropus 40:

> head(pairs_Tistl[[40]])
[.1] [.2]
[1,] 0.000000000 O.00000000
[2,] -0.019281385 0.11212444
[3.] -0.005493463 0.05565822
[4,] -0.071381715 0.06838793
[5,] -0.009743931 0.03755073
[6,] -0.179104566 0.01235824
> tail{pairs_Tistl[[40]]1)
[.1] [.2]

[136,] -0.2005704 -1.658591
[137,] -0.1629922 -1. 588900
[138,] -0.1798576 -1.643167
[139,] -0.169888% -1.640438
[140,] -0.2671130 -1.708236
[141,] -0.2804730 -1.754766

Trajectory 40
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Tpaexropus 50:

> head(pairs_1ist1[[50]])
[.1] [.2]
[1,] 0.000000000 O.00000000
[2,] -0.007561626 -0.01660567
[3,] -0.040064051 0.10484618
[4,] 0.014342034 0.19571409
[5,] 0.045579902 0.13903769
[6,] ©0.111470888 0.13263063
= tail(pairs_1ist1[[50]]1)
1] [.2]
L1310972 -1.221210

[136,] ©

[137,] 0.2367347 -1.178576
[138,] 0.2198037 -1.090454
[139,] 0.1706937 -1.119960
[140,] 0.1723469 -1.041043
[141,] 0.1551375 -1.082681

Trajectory 50

Wkh(2)

-05

2 o !
‘__ﬂ
T T T T T
04 0.2 0.0 02 04
Wkh(1)
BerumciaumM Bapuanun KOMIOHEHT (Zk |W(E(131) h Wk(h1 ) | Dk |W(§(2_31) h Wk(:) )




= var_fun = function(x)
+
+ sum{abs({diff{x)))
+ }
= vars = t(sapply(pairs_listl, function(x) apply(x, 2, wvar_fun))})
> head(vars)
[.1] [.2]
[1,] 9.413926 B&.546291
[2,] 9.146729 9,.345074
[3,] 9.175414 7.890390
[4,] 9.664958 10.033431
[5,] 8.263940 9.572637
[6,] 9.007945 9.095146
= tail{vars)
[.1] [.2]
[95,] B8.4095325 9.603672
[96,] 9.375926 9.100192
[97,] 8.030205 10.097853
[08,] 8.007787 7.699147
[09,] 8.061259 §8.807476
[100,] B.B32435 B8.919321

Haiiyem cpennee snauenne sapuammu (Var® (h), Var® (h) ) no Bcem Tpaektopusm.

= varlzh = colMeans(vars)
= varilzh
[1] B.792783 &.857202

2
Haitnem cymMBbl KBaJIpaTOB MpUpPALICHUN KOMIIOHEHT (2k|W((;21)h - W;((,? , Zk|W((k24)r Dr ™~
NL
w|)
> sg_var_fun = function(x)
+ {
+ sum{abs (diff(x))a2)
+ 1
e
= sg_vars = t{sapply(pairs_listl, function(x) apply(x., 2, sg_var_fun)))
= head(sq_vars)
[,1] [.2]
[1,] 0.9961922 0.8047819
[2,] 0.9531883 0.9386033
[3,] 0.8762492 0.7394343
[4,] 1.1199846 1.1061519
[5,] 0.7634145 0.9680272
[6,] 1.0140174 0.8823921
= tail(sg_vars)
[,1] [.2]
[95,] 0.7899256 1.0170067
[96,] 0.9266847 0.8659436
[97,] 0.7928911 1.0431793
[98,] 0.6870626 0.6754089
[99,] 0.7610414 Q.9539626
[100,] 0.9044744 0, 8734707

Haiinem cpennee suauenne stux cymm (SqVar M (h), SqVar® (h) ).

> sg_varlzh = colMmeans(sg_vars)
= sg_varlzh
[1] 0.8679596 0.8729310
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= h = 0.1/2
= h

[1] .05

= N = tt/h
= M

[1] 280

Berauciium Bapuaiy KOMIOHEHT (Zk |W(§<131) h Wk(; )| Dk |VI/(§(231) h Vl/k(,f) |)
= vars2 = t(sapply(pairs_list2, function(x) apply(x, 2, var_fun)))
= head(vars2)
[.1] [.2]
[1,] 13.12436 12.65323
[2,] 13.32215 12.67406
[3,] 12.21307 13.20012
[4,] 12.49679 13.01865
[5,] 12.17974 12.86130
[6,] 11.49786 11.47788
= tail{vars2)

[,1] [.2]

[95,] 12.58169 13.33500
[96,] 11.784533 13.24832
[97,] 10.76015 12.82084
[98,] 13.25676 12.98626
[99,] 12.50706 12.14302
[100,] 11.57037 10.93173

Haiiiem cpennee snauenne papuammu (Var® (h), Var® (k) ) no Bcem Tpaektopusm.

= varlzhz = colMeans (varsz)
> varlzhz
[1] 12.45673 12.57424

2
Haitnem cymMbl KBaJipaTOB NMpUpPaALICHUN KOMIIOHEHT (Zklw((klinh - Wk(hl) ) Zk|W((,21)h —
2
(2)

= sq_vars2 = t(sapply(pairs_list2, function(x) apply(x, 2, sgq_var_fun)))
= head(sg_vars2)
[.1] [,2]

[1,] 0.9746903 0.8716926
[2,] 0.9981169 0.9227931
[3.] 0.BBB7160 0.9252096
[4,] 0.8B47531 0.8658919
[5.] 0.8B017480 0.9343464
[6.] 0.7822308 0.7268646
= tail(sg_vars2)

[.1]
.B834557
LA 74692
. BE04657
.00547 26
CBYT2477
. 7B29949

Lo T e Y e O Y e

[.2]
. 9385719
. 9569817
.912%462
. 9115758
. 8184663
7020641

[95,]
[96, ]
[97.]
[98,]
[99.]
[100,]

[ T T S e T e i e
oo ooo

Haiiqure cpenHee 3HauCHUE 3TUX CYMM (S qVar(h),SqVar®@ (h) )



= sq_varlzh2z = colMeans(sq_varsz)
= sq_varlzh2
[1] 0.8733458 0.8811882

CpaBHI/IM MOJTYYCHHBIC 3HAYCHHUA I UCXOJHOI'O U YMCHBIICHHOI'O 1Iara.

mean_vars_hl mean_vars_h2 mean_sq_vars_hl mean_sq_vars_h2
1: B.792783 12.45673 0. B679596 0.8733458
2: 8.857202 12.57424 0. 8729810 0.8811882

B oTHOCHTENIHLHBIX BEJIMUMHAX:

mean_vars_hl mean_sg_wvars_hl
1: 0.7058663 0.9938327
2: 0.70430928 0.9906862

U3 10JTy4eHHBIX TaOJIHI] BUJHO, YTO OTJINYMS B CPEIHHX 3HAYEHHUAX CyMMBI KBaJPaTOB
NpUpAIIEHUI KOMIOHEHT 3HAYUTEIHLHO MEHBIIIE, YEM OTJIMYHS B CPEIHUX 3HAYECHUAX BapHAIHiA
KOMIIOHEHT. JTO CBS3aHO C TEM, YTO TPAEKTOPHU BUHEPOBCKOTO MPOIECCA HMEIOT
HEOTPaHMYEHHYIO BAPUAIIUIO, 4 CyMMBbI KBaJPaTOB IPUPAIIECHHUI TPH U3METbYEHUN Pa3OHeH s
crpemsaTcs K 3Ha4enmio 02T = 0.252 - 14 = 0.875.

Brramcmim Teopetndeckyio Bepostaocts P(|[Wq| = z). [W,| = \[ (WT(l))2 + (WT(Z))Z,

(152 (2)52
Wr™) Wr™)
aTZT aTZT NXZ(Z)'

W, ~N(0, ovT), W ~N(0, 6VT), mostomy

. W @)? 5 ,

> Theor_prob = 1 - pchisqg{zA2/(sigmar2 * tL),2)
> Theor_prob
[1] 0.276453

Haiinem sMnupuueckyto BEpOSITHOCTh OCTHXKEHUS YKa3aHHOTO YPOBHS Z B MOMEHT T .

HJ'ISI 3TOro HaﬁHeM KOJIMYCCTBO MOCIICAHUX TOUYCK TpaeKTOprI, pPaanyC-BEKTOP KOTOPLIX HE
MCHBIIC Z:

c =20
for (i in 1:100){
if (sgro(pairs_Tisti[[i]]1[141,1]42 + pairs_listi[[i1]11[141,2]A2) »= z){
c=cCc+1

Tr
> C

[1] 34

+ + WY

U pa3genum Ha KOJIMYECTBO TPAEKTOPUNA:
= empiric_prob = c / n

> empiric_prob
[1] 0.34

HOJ'IyLII/IJ'II/I, 4TO TCOPCTUUCCKOC U SMIIMPUYICCKOC 3HAYCHUA OJIM3KHU.
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